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Abstract. We determine the singularity category of an arbitrary finite dimensional 
gentle algebra A. It is a finite product of n-cluster categories of type Ai. If A is a 
Jacobian algebra arising from a triangulation V of an unpunctured surface, then the 
number of factors equals the number of inner triangles of F. Moreover, our result yields 
C*") ■ a description of the singularity category of an A n -configuration of projective lines. 

f— i ■ 1. Introduction 

Singularity categories were introduced and studied by Buchweitz [3]. Recently, Orlov's 
global version of singularity categories [8] attracted a lot of interest in geometry and the- 
oretical physics. It is related to Kontsevich's Homological Mirror Symmetry Conjecture. 

For Iwanaga-Gorenstein rings, Buchweitz gave an equivalent description in terms of sta- 
ble categories of Gorenstein-projective modules (also known as maximal Cohen-Macaulay 
modules), see [3] and (12. 2p . In particular, the singularity category of a selfinjective algebra 
is just the stable module category, which was thoroughly studied in representation theory. 

Gentle algebras are certain finite dimensional algebras (see Definition 12. II below), whose 
(derived) module categories are well understood. For example, there is a complete classifi- 
cation of indecomposable objects in both categories. Examples include algebras which are 
■ derived equivalent to an A n -configuration of projective lines [1] and algebras coming from 

triangulations of an unpunctured surface [I], see Section [3] below. Moreover, the class of 
gentle algebras is closed under derived equivalence [ID] . 

We give an explicit construction of all Gorenstein projective modules over gentle alge- 
bras. Using Buchweitz' equivalence, this yields a description of their singularity categories. 

1 2. Definitions and main result 

Let k be a field. Let Q be a finite quiver with set of vertices Qq and set of arrows Q\. We 
read elements in the path algebra kQ from right to left. All modules are left modules. 

Definition 2.1. A gentle algebra is a finite dimensional algebra A = kQ/I such that: 

(Gl) At any vertex, there are at most two incoming and at most two outgoing arrows. 
(G2) The admissable two-sided ideal / is generated by paths of length two. 
(G3) For each arrow f3 G Q\, there is at most one arrow a S Q\ such that a/3 G / and 

at most one arrow 7 G Q\ such that ^7 G /. 
(G4) For each arrow /3 G Q\, there is at most one arrow a G Q\ such that a/3 ^ / and 
at most one arrow 7 G Qi such that fi^y ^ /. 
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Example 2.2. An example of a gentle algebra A = kQ/I is given by the quiver Q 

1 a > 2 ^—6 > 3 c— -> 4 



6 < j — - 7 - — fc ■ 



with two-sided ideal / generated by the relations ba, fe, jf, ej, kg, hk and gh. 

Geifi & Reiten [6] have shown that gentle algebras are Iwanaga-Gorenstein rings, i.e. the 
ring is Noetherian and has finite injective dimension as a left and as a right module over 
itself. For any Iwanaga-Gorenstein ring R, Zaks |12j has shown that inj. dimwit! = d = 
inj.dimi?R holds. We call d the virtual dimension of R. We are interested in the full 
subcategory of Gorenstein projective i?-modules 

GP(R) = {M eR- mod| Ext^M, R) = for all i > 0}. (2.1) 

Let us list some well-known facts about Gorenstein-projective i?-modules over Iwanaga- 
Gorenstein rings. Let throughout M and N be finitely generated -R-modules. 
(GP1) A GP i?-module is either projective or of infinite projective dimension. 
(GP2) If a GP ii-module M contains a projective submodule P, then M = P M' . 
(GP3) M is GP if and only if M = Vt d {N) for some N. In particular, every Gorenstein 

projective module is a submodule of a projective module. 
(GP4) GP(ii) is a Frobenius category with proj GP(R) = proj — R. 

Moreover, the embedding GP(A) C ^(mod — A) induces a triangle equivalence (see [3]) 

Pernod - R) 
K b (proj -R) 

where the triangulated quotient category V sg (R) is called the singularity category of R. 

For a gentle algebra A = kQ/I, we denote by C(A) the set of repetition free cyclic path 
a.\ . . . a n in Q such that ajaj+i S I for all i, where we set n + 1 = 1. In Example 12. 2^ we 
have C(A) = {jfe, kgh}. Let i £ Qo be a vertex lying on a cycle c £ C(A) and Pj = Ae^ 
be the corresponding indecomposable projective A-module. The radical of Pi has at most 
two direct summands Ri and i?2- We consider the radical embedding, where one of R\ 
and i?2 may be zero and exactly one of the arrows l\ and 12 lies on the cycle c 

(•ii -t 2 ) 

i?i e i? 2 ^ P, (2.3) 

Let R{c)i := .Rj be the corresponding direct summand of the radical. 

Example 2.3. In Example 12.21 we consider the vertex 6 lying on the cycle c = jfe. The 
indecomposable projective A-module P% and its radical summand R(c)q have the form 

R(c) 6 



GP(fl) — »• P S9 (P) := J , (2.2) 



2-fe^3-c^4-9^7-j^6- i ^5-d^l-a^2-/^7-fc 

e 

\ 

N 5-d^l-«^2-/^7-fc^8 
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The following proposition is the main result of this note: 

Proposition 2.4. Let A = kQ/I be a finite dimensional gentle algebra. 

(a) The indecomposable Gorenstein projective modules are given by 

indGP(A) = indprojAu{ J R(c) s(ai) ,..., J R(c) s(Qn) |c = ai...Q n E C(A)}. (2.4) 

(b) There is an equivalence of triangulated categories 

w n m 

cGC(A) 1 y n 

where l{a\ . . . a n ) = n and T> b (k)/[l(c)] denotes the triangulated orbit category, [7]. 
This category is also known as the (1(c) — l)-cluster category of type Ai, [TT] . 

We prove this result in Section 2] below. 

3. Applications and Examples 
The following geometric example was pointed out by Igor Burban. 
Example 3.1. Let X n be a chain of n projective lines 



Using Buchweitz' equivalence (|2.2|) and Orlov's localization theorem [9], the singularity 
category of X n may be described as follows 

=- f^)" - 0MCM«W - 1 H^o, (3 ,) 

where (— ) w denotes the idempotent completion [2] and MCM(O n( i) denotes the stable cate- 
gory of maximal Cohen-Macaulay modules over the nodal singularity O n( i = k\x, y\/(xy). 
Burban [4] showed that T) h (Qo\\ X n ) has a tilting bundle with endomorphism algebra A n 




bounded by the relations aibi = = 6jaj for all 1 < i < n. Hence we have a triangle 
equivalence T> b (Co\\ X n ) — > T> b (mod — A n ) inducing a triangle equivalence 

D S9 (X n ) ^ V sg (K n ). (3.2) 

Since A„ is a gentle algebra, we can apply Proposition 12.41 C(A„) consists of n — 1 cycles 
of length two. Therefore D^A) is equivalent to the right hand side of (|3.1|) . In particular, 
we see that the singularity category V sg (K n ) is idempotent complete. 

Assem, Briistle, Charbonneau-Jodoin & Plamondon [1] studied a class of gentle algebras 
A(S, r) arising from a triangulation T of a marked Riemann surface S = (S, M) without 
punctures. In particular, they show that the "inner triangles" of V are in bijection with the 
elements of C(A(S, T)), which are all of length three. This has the following consequence. 
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Corollary 3.2. In the notation above, the number of direct factors in the decomposition 
(|2.5p of the singularity category T> sg (A(S,T)) equals the number of inner triangles ofT. 

Example 3.3. A prototypical case is the hexagon S with six marked points on the bound- 
ary. We consider the following triangulation V with exactly one inner triangle. 




The corresponding gentle algebra A(S, F) is a 3-cycle with relations a^cti = 0, 0302 = 
and 0103 = 0. This is a selfinjective algebra. Hence, the singularity category V sg (A(S, F)) 
is triangle equivalent to the stable module category A(S, F) — mod , by (|2.2p . This is in 
accordance with Proposition 12.41 and Corollary I3.2L 

Remark 3.4. More generally, the algebras arising as Jacobian algebras from ideal triangula- 
tions of Riemann surfaces with punctures are usually of infinite global dimension. It would 
be interesting to study their singularity categories and relate them to the triangulation. 

4. Proof 

4.1. Proof of part (a). Let c € C(A) be a cycle, which we label as follows 1 — h 2 — ^» 
■ ■ ■ "~ 1 > n 1. Then there are short exact sequences 

R(c)i ^P % ^ R[c)i- X -> 0, (4.1) 

for all i = 1, ... ,n. In particular, for every n > 0, R(c)i may be written as a rith-syzygy 
module Q, n (X), for some A-module X. Thus, R(c)i € GP(A) by (GP3). Since projective 
modules are GP by definition, this shows the inclusion "5" in (a). 

It remains to show that there are no further Gorenstein-projective modules. For this, we 
use that the indecomposable modules over gentle algebras are classified. They are either 
string or band modules and are given by certain words in the alphabet {a,a -1 |a € Q}, 
see [5] for a detailed account. We claim that an indecomposable Gorenstein-projective 
A-module M containing a subword of the form a/3 -1 , with a 7^ /3 is projective. We think 
of a/3 -1 as a 'roof, where s, t, u are basis vectors of M, such that a ■ t = s and j3 ■ t = u. 

t 

(4.2) 
s u 

By (GP3), M is a submodule of some projective module P. Let U(t) C P be the submodule 
generated by the image of t in P. The properties (Gl) and (G2) imply that U(t) is 
projective. Since M is indecomposable, (GP2) applied to U(t) C M shows that M = U(t) 
is projective. This shows the claim. 

In particular, band modules cannot be GP (they always contain such a subword). By 
the shape of the projectives modules over a gentle algebra, submodules of projectives 
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cannot come from strings containing a subword of the form a~ 1 /3. Using (GP3) again, 
we have reduced the set of possible indecomposable GP A-modules to projective modules 
or direct strings S = (3 n . . . j3\. We also allow S to consists of a single lazy path e-i (this 
corresponds to a simple module). Let M(S) be the corresponding A- module. If M(S) is 
properly contained in some projective module P, then there exists an arrow a such that 
f3 n . . . (3\a ^ / and 7/3 n . . . f3\a 6 / for every arrow 7 6 Q\. It follows that M(S) is a direct 
summand of the radical of P s ( a ) . 

We have already said that the radical of an indecomposable projective A-module P has 
at most two indecomposable direct summands R\ and R2 (I2.3p . We need the following 
claim: if ^ does not lie on a cycle c € C(A) then E4 has finite projective dimension. 

If Ri is not projective the situation locally looks as follows (we allow n to be zero) 



i 01 fin 

— > a > • • • > • 




where tpi^i £ I- Moreover, ipi cannot lie on a cycle, since this would contradict our 
assumption on ij. We have a short exact sequence 

-> R' ^ P a -> R t -> (4.3) 

where R' is a direct summand of the radical of P a . R' has the same properties as Ri, 
so we may repeat our argument. After finitely many steps, one of the occuring radical 
summands will be projective and the procedure stops. Indeed, otherwise we get a path 
. . . ifj m . . . ip\Li, such that every subpath of length two is contained in /. Since there are 
only finitely many arrows in Q, this path is a cycle. Contradiction. Hence Ri has finite 
projective dimension. Thus it is GP if and only if it is projective, by (GP1). 

We have shown that indecomposable GP modules are either projective or direct sum- 
mands of the radical of some indecomposable projective, such that the radical embedding 
is defined by multiplication with an arrow on a cycle c £ C(A). This proves part (a). 

4.2. Proof of part (b). By Buchweitz' equivalence (j2.2j) . it suffices to describe the stable 
category GP (A). By part (a), the indecomposable objects in this category are precisely 
the radical summands R(c)i for a cycle c G C and (|4.1|) shows that i?(c)j[l] = R{c)i-\. In 
particular, R(c)i[l(c)} = i?(c)j. It remains to prove that Hom A (i?(c)», R(c')j) = 5ij5 cc i • k. 
R(c)i is given by a string of the following form (it starts in a and we allow n = 0) 

(4-4) 



Here, Li is on the cycle c 6 C(A) and ^ /, if n 7^ 0. If there is a non-zero morphism of 
A-modules from R(c)i to R(c')j, then the latter has to be a string of the following form 

R(c )j : a > . . . > a > > •, l 4 - D J 

where we allow k = or m = 0. If both k and m are zero, then (G3) and our assumption 
that R(c')j is a submodule of an indecomposable projective A-module imply that there is 
only one arrow starting in s. Namely, the arrow on the cycle. Hence, n = and therefore 
R(c)i = R(c')j. If k / and m = 0, then R(c)i = R(d)j as well. 
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In both cases, EndA(-R(c)j) = k. Note, that the simple module S a can appear (at 
most) twice as a composition factor of R(c)i. However, in that case, R(c)i locally has the 
following form > a ■ ■ ■ — > where a ^ Pi lies on the cycle c (see also Example 
12. 3p . In particular, this does not yield additional endomorphisms. 

If k 7^ and m ^ 0, then it follows from (G4) that f3' m = Li. If k = 0, m 7^ and 
f3' m Li then there are two different arrows ending in a. Since Li is on a cycle there is 
an arrow 7: a — > •, such that ji{ € /. It follows from (G3) that j/3' m £ I- Since R(c')j 
is a submodule of a projective A-module the corresponding path starting in a' has to be 
maximal. In particular, it does not end in a. Contradiction. So we have (3' m = Li. 

In both cases our morphism factors over a projective module 



and therefore Horn A (R(c)j, R(c')j) = 0. This completes the proof. 
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